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Quantum behavior of scalar fields and vacuum energy density in the inflationary universe are investi-
gated using SU(1,1) Lie algebraic approach. Wave functions describing the evolution of scalar fields that
have been thought to have driven cosmic inflation are identified in several possible quantum states at the
early stage of the universe, such as the Fock state, the Glauber coherent state, and the SU(1,1) coherent
states. In particular, we focus in this research on two important classes of the SU(1,1) coherent states,
which are the so-called even and odd coherent states and the Perelomov coherent state. It is shown in
the spatially flat universe driven by a single scalar field that the probability densities in all these states
have converged to the origin (/ = 0, where / is the scalar field) as time goes by. This outcome implies
that the vacuum energy density characterized by the scalar field dissipates with time. The probability
density in the matter-dominated era converged more rapidly than that in the radiation-dominated era.
Hence, we can confirm that the progress of dissipation for the vacuum energy density became faster
as the matter era began after the end of the early dominance of radiation. This consequence is, indeed,
in agreement with the results of our previous researches in cosmology (for example, see [Chin. Phys. C
35 (2011) 233] and references there in).
 2013 The Author. Published by Elsevier B.V. This is an open access article under the CC BY license (http://
creativecommons.org/licenses/by/3.0/).1. Introduction
The inflation paradigm provides a promising breakthrough to
most problems of the standard cosmology, such as flatness, mono-
pole, and horizon problems [1]. Nevertheless, modern cosmology is
still confronted with a crucial difficulty in explaining the reason
why the observed cosmological constant is about 120 orders of
magnitude smaller than its theoretically predicted value. Indeed,
this original cosmological constant problem is one of the most
challenging puzzles in modern cosmology and particle physics.
Cosmic coincidence problem is another perplexing problem in
cosmology, which is the question why the dark energy density is
comparable with the dust matter energy density at the present
epoch. Though the cosmological constant (vacuum energy) is the
most ideal candidate for the dark energy, a range of other possibil-
ities have been postulated as efforts to overcome and solve the
famous cosmological constant problem. As a consequence, lots of
alternative dark energy candidates have been proposed and exam-
ined. They are, for instance, quintessence with a class of tracker
fields [2], quantum informational dark energy [3], f(R)-gravity[4], vacuum fluctuation energy [5], agegraphic dark energy [6]
and so on.
In the mean time, recent large-scale projects for measuring the
characteristics of dark energy, such as WiggleZ Dark Energy Survey
[7,8] and SNLS3 [9], revealed that the best-fit value of the equation
of state (the ratio of pressure to density) for our universe is w = 1
which exactly corresponds to that of the cosmological constant.
Hence, our common belief, but a partly suspected one, that the
cosmological constant is the real identity of dark energy has
attained its concrete scientific evidence at present. We showed in
previous works [10–13] that it is possible to solve the cosmological
constant problem by introducing a time-dependent Hamiltonian
that describes the time evolution of scalar fields which have driven
inflation in the early universe. Hopefully, this can be done within
the realm of conventional inflationary cosmology without intro-
ducing a peculiar matter as the identity of dark energy or resorting
to an exotic model. On the basis of Refs. [10–13], it can be seen that
the vacuum energy density has been decreased continuously with
time on account of the nonconservative force acting on the coher-
ent oscillations of scalar fields (inflation) as the universe is expand-
ing. Accordingly, the order of the vacuum energy density remained
today is expected to be quite small. This idea hence may provide a
reasonable explanation for the recent observational data of the
universe [14–18], which reveal to us that the present vacuum
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for possible interaction between dark energy and matter is true,
some fraction of the remnant vacuum energy density may also
be decayed into matter, or vice versa, leading the order of the
two energy densities to become comparable to each other. This
provides a possible way to resolve or at least alleviate the cosmic
coincidence problem.
In this paper, we investigate the time evolution of the vacuum
energy density in several quantum states, especially focusing on
states associated with SU(1,1) Lie algebra, using the scenario of
inflationary cosmology. The evolution of homogeneous scalar fields
associated with inflation will be analyzed by introducing a time-
dependent harmonic oscillator suitable for its description in the
framework of non-relativistic quantum mechanics. SU(1,1) Lie
algebraic approach provides one of useful techniques for analyzing
(time-dependent) quantum Hamiltonian systems like this case. In
fact, a large class of phenomena such as phase coherence, quantum
correlation, and squeezing effects in quantum dynamical systems
can be described by means of the SU(1,1) Lie algebraic formulation
and the generalized coherent states associated with SU(1,1) Lie
algebra [21]. There are two important SU(1,1) coherent states
which we intend to employ in the text in order to develop our
theory of cosmology. One is the even and odd coherent states [22]
and the other is the Perelomov coherent state [23]. Diverse proper-
ties of SU(1,1) Lie algebra and its manipulations, besides its mathe-
matical formulations, are known in the literature [21,24–26].
Organizationof this paper is as follows. Thepreliminaryconcepts
of inflation model of the universe is described in the following sec-
tion using the power-law flat FRW (Friedmann–Robertson–Walker)
spacetime. In Section 3, quantum wave functions associated with
the scalar potential are investigated in the Fock state using the
SU(1,1) Lie algebra which is suitable for describing the inflationary
universe. Section 4 is devoted to a detailed research for a simplified
cosmology scenario, the so-called single scalar field cosmology. We
describe, in Section 5, the time behavior of the vacuum energy den-
sity in coherent states (especially in SU(1,1) coherent states). Finally,
concluding remarks are given in the last section.
2. Inflation model of the universe
This section is aimed to study the fundamental knowledge of
the inflation model of the universe, which is of great importance
in cosmology. Though Starobinsky introduced the first model of
inflation in 1979 [27,28], a much simpler paradigm of inflation
with well defined theoretical motivations was suggested by Guth
in 1981 [1]. It seems from observations of the cosmic microwave
background (CMB) that the most probable physical nature of dark
energy is a form of vacuum energy as Einstein had once thought,
which is, according to the Grand Unified Theory, considered to be
responsible for triggering the inflation when the energy scale
dropped to about 1014 GeV at 1034 s after the Big Bang [29]. If
the inflation took place at a more early epoch specified by a differ-
ent energy scale, the corresponding effects might be detectable
now through observing the polarization of the CMB. For a more
detailed review for the development of inflation scenario including
its brief history, you can refer to Ref. [30].
Inflation is indeed an elegant and concrete paradigm for
describing the early universe because it offers exquisite solutions
for a wide range of cosmological problems. In this scenario, scalar
fields that have the equation of state w = 1 is responsible for a
gigantic inflation that had taken place immediately after the Big
Bang, which led to the flatness of the universe [29].
The metric for the power-law flat FRW spacetime, we consider,
is
ds2 ¼ dt2 þ R2ðtÞðdr2 þ r2dh2 þ r2sin2hdu2Þ; ð1Þwhere R(t) is a scale factor. Then, the evolution of k-th mode scalar
field /k is described by
€/k þ 3H _/k þ V 0ð/k; tÞ ¼ 0; ð2Þ
where H is the Hubble constant, Vð/k; tÞ is a time-dependent scalar
field potential, and V 0ð/k; tÞ ¼ @Vð/k; tÞ=@/k. The term associated
with _/k in Eq. (2) gives nonconservative forces to the coherent oscil-
lations of the scalar field, which are provided by the expansion of
the universe. The expansion rate of the universe can be estimated
from measurement of the Hubble constant. In case of power-law
cosmologies, it decreases according to
H ¼ _RðtÞ=RðtÞ: ð3Þ
From the use of the Hartree approximation, we see that Vð/k; tÞ
takes the form of a time-dependent harmonic potential such that
Vð/k; tÞ ¼
1
2
x2kðtÞ/2k: ð4Þ
Here, a time function xkðtÞ is given by [31,32]
x2kðtÞ ¼ m2 þ nRðtÞ þ
k2
R2ðtÞ ; ð5Þ
where m is the curvature of the potential, n is a coupling constant,
and RðtÞ is the Ricci scalar. For the case of the cosmologies
with minimally coupled scalar field (CMCSF), we have n = 0 while
n = 1/6 for the cosmologies with conformally coupled scalar field
(CCCSF). According to the well known fundamental relations, RðtÞ
is given by [32]
RðtÞ ¼ 6
€RðtÞ
RðtÞ þ
_R
2ðtÞ
R2ðtÞ
 !
: ð6Þ
If we introduce a conjugate field momentum as
p^k ¼  i
V
@
@/k
; ð7Þ
where V is a finite fixed value with the dimension of volume, the
field commutation relation is given by ½/^k; p^k0  ¼ ði=VÞdkk0 . For the
sake of convenience, we can choose V1=3 in a way that it become
the energy scale at a particular cosmic time [11]. From fundamental
development of dynamics with the use of Eq. (2), the Hamiltonian
for vacuum energy density that dictates inflation is given by
[10–12]
H^kð/^k; p^k; tÞ ¼
p^2k
2R3ðtÞ þ R
3ðtÞVð/k; tÞ: ð8Þ
By summing over Hamiltonians for each mode, we have the total
Hamiltonian: H^ ¼PkH^k. The Schrödinger equation associated to
H^k is represented in the form
i
V
@
@t
jwkðtÞi ¼ H^kjwkðtÞi: ð9Þ
The k-th mode wave function in the Fock state is the sum over all
possible order of wave functions, such that jwkðtÞi ¼P
nck;njwk;nðtÞi. This wave function will be identified in the next
section from the SU(1,1) Lie algebraic approach.
3. SU(1,1) Lie algebra
The Lie algebraic approach is useful when investigating quan-
tum behavior of dynamical systems. In this section, we introduce
SU(1,1) Lie algebra suitable for describing the inflationary universe.
The mathematical properties of SU(1,1) Lie algebra have been
potentially investigated until now. Particularly, for the case of
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formulation is well described in Refs. [25,26].
Let us start the algebraic theory from the introduction of a time
constant Wk which is defined as [33]
Wk ¼ 2R3ðtÞ½ek;1ðtÞ _ek;2ðtÞ  _ek;1ðtÞek;2ðtÞ; ð10Þ
where ek;1ðtÞ and ek;2ðtÞ are two linearly independent homogeneous
real solutions of the classical equation of motion given in Eq. (2). In
terms of this quantity, we can define the fundamental SU(1,1) gen-
erators such that [25]
K^k;0 ¼ V2Wk
W2k
4e2kðtÞ
/^
2
k þ R3ðtÞ _ekðtÞ/^k  ekðtÞp^k
h i2 
; ð11Þ
K^k;1 ¼ V2Wk
W2k
4e2kðtÞ
/^
2
k þ R3ðtÞ _ekðtÞ/^k  ekðtÞp^k
h i2 
; ð12Þ
K^k;2 ¼ V2 R
3ðtÞ _ekðtÞ
ekðtÞ /^
2
k 
1
2
/^kp^k þ p^k/^k
 
;

ð13Þ
where ekðtÞ is a time-variable classical solution of the following dif-
ferential equation
€ekðtÞ þ 3H _ekðtÞ þx2kðtÞekðtÞ 
W2k
4R6ðtÞe3kðtÞ
¼ 0: ð14Þ
In fact, ekðtÞ is related to ek;1ðtÞ and ek;2ðtÞ by ekðtÞ ¼ ½e2k;1ðtÞþ
e2k;2ðtÞ1=2 [33]. The commutation relations between generators are
K^k;0;K^k;1
h i
¼ iK^k;2; ð15Þ
K^k;0;K^k;2
h i
¼ iK^k;1; ð16Þ
K^k;1;K^k;2
h i
¼ iK^k;0: ð17Þ
It can be easily checked that the time derivative of Eq. (11) results in
zero: dK^k;0=dt ¼ 0. Thus, K^k;0 acts as an invariant operator.
The creation and destruction operators are defined in the form
K^k;þ ¼ K^k;1 þ iK^k;2; ð18Þ
K^k; ¼ K^k;1  iK^k;2: ð19Þ
From a straightforward evaluation of the time derivative of these
operators, we have
dK^k;þ
dt
 2ivkðtÞK^k;þ ¼ 0; ð20Þ
dK^k;
dt
þ 2ivkðtÞK^k; ¼ 0; ð21Þ
where vkðtÞ ¼Wk=½2e2kðtÞR3ðtÞ. The solution of Eqs. (20) and (21) is
easily identified to be
K^k;þðtÞ ¼ K^k;þðbÞ exp 2i
Z t
b
vkðt0Þdt0
 
; ð22Þ
K^k;ðtÞ ¼ K^k;ðbÞ exp 2i
Z t
b
vkðt0Þdt0
 
; ð23Þ
at t  b where b is a boundary time that can be determined to be a
moment where the vacuum energy density is theoretically well
known or can be possibly evaluated. For instance, we can choose
b as the beginning time of the reheating or as the matter-
radiation equality time [10]. The above equations imply that theabsolute value of K^k;þ and K^k; does not vary with time. They also
satisfy the conventional commutation relations which are
½K^k;; K^k;þ ¼ 2K^k;0; ð24Þ
½K^k;; K^k;0 ¼ K^k;: ð25Þ
If we define another well known type of destruction operator
such that [11]
a^k ¼
ﬃﬃﬃﬃﬃﬃﬃﬃ
V
Wk
s
Wk
2ekðtÞ  iR
3ðtÞ _ekðtÞ
 
/^k þ iekðtÞp^k
 
; ð26Þ
and its Hermitian adjoint a^yk which roles as the conjugate creation
operator, the generators are represented in the form
K^k;0 ¼ 12 a^
y
ka^k þ
1
2
 
; ð27Þ
K^k;þ ¼ 12 a^
y2
k ; ð28Þ
K^k; ¼ 12 a^
2
k: ð29Þ
From a direct evaluation, we are able to verify that ½a^k; a^yk0  ¼ dkk0 .
Clearly, this relation implies that the eigenvalues of a^yka^k are quan-
tum numbers:
a^yka^kjuk;ni ¼ njuk;ni n ¼ 1;2;3; . . . : ð30Þ
If we consider that the Casimir operator is evaluated as
C^ ¼ K^2k;0  K^
2
k;1  K^
2
k;2 ¼ 
3
16
½ kðk 1Þ; ð31Þ
the Bargmann index is taken to be k = 1/4 or k = 3/4. The basis for
the unitary space is a set of even boson numbers for k = 1/4 and a
set of odd boson numbers for k = 3/4. Let us represent the eigen-
value equations of K^k;0 in the form
K^k;0juk;ni ¼ kk;njuk;ni: ð32Þ
Then, considering Eqs. (27) and (30), we see that the eigenvalues
kk;n are given by
kk;n ¼ 12 nþ
1
2
 
: ð33Þ
Further, we can also show that
K^k;þjuk;ni ¼
1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðnþ 1Þðnþ 2Þ
p
juk;nþ2i; ð34Þ
K^k;juk;ni ¼
1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
nðn 1Þ
p
juk;n2i: ð35Þ
As is well known, quantum numbers change two levels at a time
when the operator K^k;þ (or K^k;) is acted on the states while a^
y
k
and a^k alter only one quantum level at a time.
To obtain the eigenstates of K^k;0 in configuration space, it is
favorable to use the generators K^k; in this context. For n = 0, 1,
Eq. (35) yields
K^k;juk;0i ¼ 0; ð36Þ
K^k;juk;1i ¼ 0: ð37Þ
From the evaluation of these two equations in /k-space, we obtain
the ground state h/kjuk;0i and the first excited state h/kjuk;1i. The
even higher order (n = 2l) and the odd higher order (n = 2l + 1)
eigenstates may also be derived from
h/kjuk;2li ¼
22lﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð2lÞ!
p ðK^k;þÞlh/kjuk;0i; ð38Þ
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22lﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð2lþ 1Þ!
p ðK^k;þÞlh/kjuk;1i: ð39Þ
The full eigenstates are eventually easily identified by combining
the results of the above two equations. Hence, we have
h/kjuk;ni ¼
VWk
2pe2kðtÞ
 1=4 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2nn!
p Hn
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
VWk
2e2kðtÞ
s
/k
 !
 exp  V
2ekðtÞ
Wk
2ekðtÞ  iR
3ðtÞ _ekðtÞ
 
/2k
 
; ð40Þ
where Hn is the Hermite polynomial of order n.
Recall that K^k;0 plays the role of the invariant operator. Accord-
ing to the invariant operator theory, the eigenstates of an invariant
operator are the same as the Schrödinger solutions (wave func-
tions) represented without their trivial time-dependent phase fac-
tors [34]. Hence, the wave functions, h/kjwk;ni, relevant to the
system described by the Hamiltonian, Eq. (8), can be expressed
in terms of the eigenstates of K^k;0 such that
h/kjwk;ni ¼ h/kjuk;ni exp½i#k;nðtÞ; ð41Þ
where the phases #k;nðtÞ are yet to be determined. A minor evalua-
tion after substituting the above equation and Eq. (8) into the
Schrödinger equation gives
#k;nðtÞ ¼  nþ 12
 Z t
b
vkðt0Þdt0 þ #k;nðbÞ: ð42Þ
Thus, full wave functions in the Fock state are completely identified,
which are Eq. (41) with Eqs. (40) and (42).
4. Single scalar field cosmology
In this section, we describe the single scalar field cosmology for
both the radiation- and the matter-dominated eras. The radiation-
dominated era had taken place after the inflation and continued
thereafter until the matter energy density had begun to surpass
the radiation density according to the expansion of the universe.
Due to the variety of current cosmological models, the period of
the radiation-dominated era as well as temperature and density
during that era can change by several orders of magnitude depend-
ing on a specific model chosen. For example, the period of the
radiation-dominated era is estimated to have lasted for about
3000 years in Ref. [29], 104 years in Ref. [35], and 7.3  104 years
in Ref. [36]. High-energy radiations of gamma-rays and X-rays
together with some ionized plasma composed of electrons, protons
and neutrons were filled in the universe at the early stage of the
radiation-dominated era. Naturally, such radiations gradually
shifted to less energetic ones like ultraviolet rays, visible light,
and infrared rays. When the temperature had dropped sufficiently
at the early epoch of the radiation-dominated era, deuteron could
start to form through fusion of neutrons and protons and Helium
nuclei were formed out of protons via the process of nucleosynthe-
sis. During the matter-dominated era, the fireball-like opaque pri-
mordial universe gradually became transparent enough to the
point where radiation could travel without being absorbed to
atoms and being scattered as well.
For the scalar field description of the inflationary universe on
the basis of the wave functions derived in the previous section, it
is necessary to obtain the explicit classical solutions of Eq. (2),
ek;1ðtÞ and ek;2ðtÞ. However, it may be very difficult to solve Eq.
(2) on account of the last term in Eq. (5). Therefore, to simplify
the problem, we take single scalar field cosmology with k ’ 0 in
this section. The last term in Eq. (5) then disappears, allowing it
to be easily treated from amathematical point of view. Considering
H/1/t, we choose the scale factor R(t) in the form [37]RðtÞ ¼ ðt=bÞb=3; ð43Þ
where b is a constant which has no dimension. In this case, Eq. (2)
becomes
€/þ b
t
_/þx2ðtÞ/ ¼ 0: ð44Þ
The approximate value of b is known to be b ’ 2 for the matter-
dominated era and b ’ 3/2 for the radiation-dominated era, under
the assumption that the expanding universe is flat [10,29]. Hence,
the dissipative term ðb=tÞ _/ is somewhat larger during the matter-
dominated era than that during the period of the radiation-
dominated era. By the way, Eq. (6) reduces in the single scalar field
model to [10]
RðtÞ ¼ 2bð2b 3Þ
3t2
; ð45Þ
leading
x2ðtÞ ¼ m2 þ c2=t2; ð46Þ
where c2 = 2nb(2b  3)/3. Then, the two linearly independent solu-
tions of Eq. (44) are given by [10]
e1ðtÞ ¼ e0ðmtÞð1bÞ=2JmðmtÞ;
e2ðtÞ ¼ e0ðmtÞð1bÞ=2NmðmtÞ;
where e0 is a constant which has the dimension of energy and Jm and
Nm are the Bessel functions of the first and second kind, with
m ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
jð1 bÞ2  4c2j
q
=2. In case that we take b = 2 (the case of the
matter-dominated era of the CMCSF [10,29]), Eqs. (47) and (48)
become
e1ðtÞ ¼ e0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2=p
p
mt
sin mt; ð49Þ
e2ðtÞ ¼ e0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2=p
p
mt
cos mt: ð50Þ
The probability densities in the Fock state, Eq. (40), for single
scalar field cosmology are plotted in Fig. 1 as a function of / and
t with some different values of n, b, and n. The graphs show that
the envelope of probability densities approaches to / = 0 as time
goes by. This indicates the dissipative property of the scalar field.
Notice that Figs. 1(a) and (b) belong to the matter-dominated era
(b = 2) and that Fig. 1(c) belongs to the radiation-dominated era
(b = 3/2). By comparing Figs. 1(b) and (c), we confirm that the
decrease of the scalar field is more rapid for the case of the
matter-dominated era than that for the radiation-dominated era.
To understand this appearance, recall that the dissipative term in
Eq. (44) is larger for the matter-dominated era than that for the
radiation-dominated era. The probability densities relevant to
CMCSF and CCCF are compared with each other in Fig. 2. They
are more or less different from each other when t is small. How-
ever, they become almost the same for somewhat large t on
account that the second term in Eq. (46), which is important in
CCCF, can be negligible as time increases sufficiently.5. Coherent states
The interest on investigation of coherent states applied to cos-
mology and astroparticle physics has been increased gradually in
the literature [38–40]. Typically, coherent states are regarded as
classical-like quantum states since their amplitude and momen-
tum are well defined like a classical case. This section will be
Fig. 1. The probability densities in the Fock state, Eq. (40), for single scalar field
cosmology as a function of / and t. The values of (n,b,n) are (0,2,0) for (a), (1/6,2,1)
for (b), and (1/6,3/2,1) for (c). We used m = 1, b = 1, and V ¼ 1.
Fig. 2. Comparison of the probability densities in the Fock state between CMCSF
(n = 0, solid line) and CCCSF (n = 1/6, thick dotted line) for single scalar field
cosmology at a certain time (t = 0.1 for (a) and t = 3 for (b)) in the matter-dominated
era (b = 2). We used m = 5, b = 1, and V ¼ 1.
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ary universe scenarios.
A most fundamental form of coherent states is the Glauber
coherent state that is defined as the eigenstate of a^k. From the
eigenvalue equation
a^kjaki ¼ akjaki; ð51Þthe Glauber coherent state can be derived in configuration space to
be [11,41]
h/kjaki ¼
VWk
2e2kðtÞp
 1=4
exp
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
VWk
p
ekðtÞ ak/k 
V
2ekðtÞ

 Wk
2ekðtÞ  iR
3ðtÞ _ekðtÞ
 
/2k 
1
4
ðak þ a	kÞ2 þ ilk

: ð52Þ
Here, lk is an arbitrary phase which is real and the eigenvalue ak is
given by
ak ¼
ﬃﬃﬃﬃﬃﬃﬃﬃ
V
Wk
s
Wk
2ekðtÞ  iR
3ðtÞ _ekðtÞ
 
/k;cðtÞ þ iekðtÞpk;cðtÞ
 
; ð53Þ
where /k;cðtÞ is a general classical solution of the system, that is
given by
/k;cðtÞ ¼ c1ek;1ðtÞ þ c2ek;2ðtÞ; ð54Þ
with arbitrary real constants, c1 and c2, and
pk;cðtÞ ¼ R3ðtÞ
d/k;cðtÞ
dt
: ð55Þ
In case of single scalar field cosmology for CMCSF with b = 2, we
identify the general classical solution, using Eqs. (49) and (50), as
/cðtÞ ¼
e00
mt
ﬃﬃﬃ
2
p
r
sinðmt þ dÞ; ð56Þ
where e00 ¼ ðc21 þ c22Þ
1=2e0 and d = tan1( c2/c1). The substitution of
the above equation and pc(t), which is the corresponding result of
Eq. (55) for single scalar field cosmology, into Eq. (53) leads to
Fig. 3. The probability density in the Glauber coherent state, Eq. (52), for single
scalar field cosmology as a function of / and t. We used n = 0, b = 2, m = 5, b = 1,
V ¼ 1.
Fig. 4. The probability densities in the even and odd coherent states, Eqs. (61) and
(62), for single scalar field cosmology as a function of / and t. We used n = 0, b = 2,
m = 5, b = 1, V ¼ 1.
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where d
0
= d  p/2. From Fig. 3 we see that the amplitude of the
probability density for the Glauber coherent state oscillates with
time like a classical state.
Now, let us see the even and odd coherent states, jak;þi and
jak;i, which are defined as the eigenstates of K^k; [22,41]. By solv-
ing the eigenvalue equations of K^k;, that have the form
K^k;jak;i ¼ 12a
2
kjak;i; ð58Þ
it is possible to derive the coherent states jak;i. However, to eval-
uate them, it may be more convenient to use the well known iden-
tities that are given by
jak;þi ¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cosh jakj2
q X1
n¼0
a2nkﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃð2nÞ!p juk;2ni; ð59Þ
jak;i ¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sinh jakj2
q X1
n¼0
a2nþ1kﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃð2nþ 1Þ!p juk;2nþ1i: ð60Þ
The even and odd coherent states in configuration space are
obtained by just multiplying both sides of the above two equations
by h/kj on the left. Hence, we have
h/kjak;þi ¼
WkV
2e2kðtÞp
 1=4 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cosh jakj2
q cosh ak
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WkV
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s
/k
 !
 exp  V
2ekðtÞ
Wk
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1
2
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 
; ð61Þ
h/kjak;i ¼
WkV
2e2kðtÞp
 1=4 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sinh jakj2
q sinh ak
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2
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In case of single scalar field cosmology, the probability density asso-
ciated to the above two states are illustrated in Fig. 4. Like other
states analyzed before, the probability densities converge to the ori-
gin as time goes by. Since the vacuum energy density is character-
ized by the scalar field, this means that the vacuum energy density
dissipates with time. Consequently, it is expected that the vacuum
energy density has been decreased continuously over the age of the
universe. If the rate of dissipation is sufficiently large, this mayprovide an adequate explanation for the present situation of dark
energy, whose utmost theoretical abstruseness is in principal spec-
ified as the cosmological constant problem. Berera emphasized, in
his dissipation theory of inflationary cosmology, that it is important
to consider the effects of dissipation in order to describe the early
universe consistently and completely [42]. In more detail, we
showed that the vacuum energy density decreases in proportion
to tb in the previous papers [10,11]. For the case of the radiation-
dominated era specified by b ’ 2, this consequence is in agreement
with the results of some other researches [43] based on Brans–
Dicke theory [44]. It turned out that accelerated expansion is also
possible in the context of a spatially flat universe described with a
self-interacting potential within Brans–Dicke cosmology [45,46]. If
the interaction between dark energy and (dark) matter really occurs
as postulated in a simple interacting dark energy model [19,20], the
decay of dark energy into matter and vice versa may be allowed.
The possibility of such interaction has been tested (see, for example,
Refs. [19,47]) using various observational data such as redshift, CMB
anisotropies, the baryon acoustic oscillation signal in the galaxy dis-
tribution, supernova luminosities, etc.
The fluctuation of a certain quantum variable X^k in the even and
odd coherent states is defined as
ðXkÞ ¼ hak;jX^
2
kjak;i  hak;jX^kjak;i
 2 1=2
: ð63Þ
According to this relation, the fluctuations of the variables /^k and
p^k are derived to be
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These fluctuations and the corresponding uncertainty relations,
(D/)±(Dp)±, in single scalar field cosmology are illustrated in Fig. 5.
They, in general, oscillate more or less with time. The envelope of
(D/)± decreases according to the dissipation of the scalar field, which
is caused by nonconservative forces acting on the coherent oscilla-
tions of the scalar field through the expansion of the universe. In
the mean time, the envelope of (Dp)± increases so that the decrease
of (D/)± can be compensated in order to meet the principle of uncer-
tainty relation. Consequently, the envelope of the corresponding
uncertainty relations does not significantly vary except at some ini-
tial time. As you can see, the fluctuations and the uncertainty relation
in the odd coherent state are somewhat larger than those in the even
coherent state. Since the graphs of the uncertainty product given in
Fig. 5 are larger than 1/2 for both (D/)+(Dp)+ and (D/)(Dp), the
principle of uncertainty relation is satisfied.
There is another important kind of SU(1,1) coherent state
known as the Perelomov coherent state. The definition of the
Perelomov coherent state is given by [23,48]Fig. 6. The probability densities in the Perelomov coherent state, Eqs. (71) and (72),
for single scalar field cosmology as a function of / and t. The quantum number
considered here is up to 20. We used n = 0, b = 2, m = 5, b = 1, V ¼ 1.
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where
fk ¼
a2k
jakj2
tanhðjakj2=2Þ: ð69Þ
Using Eqs. (34) and (35) after expanding the exponential factor, we
can decompose Eq. (68) over the orthonormal basis
jfk; kiP ¼ ð1 jfkj2Þ
kX1
n¼0
ðnþ 2k 1Þ!
n!ð2k 1Þ!
 1=2
fnkjuk;nik: ð70Þ
For particular cases specified by k = 1/4 and k = 3/4, the above equa-
tion becomes [49]
jfk;1=4iP ¼ ð1 jfkj2Þ
1=4X1
n¼0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃð2nÞ!p
2nn!
fnkjuk;2ni; ð71Þ
jfk;3=4iP ¼ ð1 jfkj2Þ
3=4X1
n¼0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃð2nþ 1Þ!p
2nn!
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From Fig. 6, you can see the time behavior of the probability densi-
ties for the Perelomov coherent state. It is almost the same as that of
the even and odd coherent states, which was previously
investigated.
6. Conclusion
Quantum features of the inflationary universe were investi-
gated via the SU(1,1) Lie algebraic formulation for the behavior
of scalar fields that govern the inflation. The SU(1,1) generators
K^k;0, K^k;1, and K^k;2 suitable for describing the inflation scenario
were introduced. The creation operator K^k;þ and the destruction
operator K^k; are defined in terms of K^k;1 and K^k;2 (see Eqs. (18)
and (19)). The generator K^k;0 plays the role of an invariant operator,
because its time derivative vanishes. From Eqs. (22) and (23), we
see that the absolute value of K^k;þ and K^k; is constant. However
the phase of these two operators varies with time. As you can
see from Eqs. (15)–(17) and Eqs. (24) and (25), all of the generators
we introduced here satisfy well known conventional commutation
relations. The wave functions that satisfy the Schrödinger equation
are derived using K^k;þ and K^k;. Not only the Glauber coherent state
but also the SU(1,1) coherent states, namely the even and odd
coherent states and the Perelomov coherent state, were investi-
gated. The fluctuations of canonical variables, /^k and p^k, were eval-
uated in the even and odd coherent states. We confirmed that the
fluctuations in single scalar field cosmology oscillate with time
(see Fig. 5). The envelopes of (D/)± decrease with time whereas
those of (Dp)± increase. However, the envelopes of the uncertainty
relations almost do not vary except at some initial time.
For single scalar field cosmology, the amplitude of a(t) does not
vary with time while its phase varies linearly (see Eq. (57)). From
Fig. 1, we see that the probability densities in the Fock state con-
verge to / = 0 as time goes by. It is apparent from this consequence
that the vacuum energy density which is characterized by the sca-
lar field dissipates over time. If we compare Fig. 1(b) with Fig. 1(c),
the probability density for the matter-dominated era converges
more rapidly to the origin with time than that for the radiation-
dominated era. This aspect stems from the fact that the dissipative
term in Eq. (44) is larger for the case of the matter-dominated era
than that for the radiation-dominated era. It is, therefore, expected
that the decrease of vacuum energy density is faster during the
matter-dominated era than that during the radiation-dominated
era. In addition, the envelopes of the probability densities in thecoherent states that we considered here also exhibits a diminishing
property in a very similar manner to that in the Fock state. There-
fore it is clear that the vacuum energy density described by the
scalar field dissipates with the lapse of time regardless of the quan-
tum states we have managed in this work. This is congruent to the
consequence of our previous researches, Refs. [10–12], which
showed using other methods that the vacuum energy density
diminishes continuously with time. Evidently, present work sup-
ports the validity of the results of these previous papers. In the long
run, we can conclude that the vacuum energy density has been
decreased steadily with time and, eventually, it has become extre-
mely small today. The rate of decrease may have nothing to do
with the type of the quantum state that the scalar field takes.
Most of the actual analyses in this work was executed for the
case of single scalar field cosmology in order to avoid the difficulty
of mathematical procedure. In case of multi scalar field cosmology,
the scalar field potential Vð/kÞ is much more complicated since we
should consider the last term of Eq. (5). However, it is expected
that multi scalar field cosmology gives almost the same results
as single scalar field cosmology, because the decrease of the vac-
uum energy density is mainly concerned with the dissipation term
3H _/k in Eq. (2) rather than the scalar potential term V
0ð/kÞ. Recall
that V 0ð/kÞ is the only thing whose form changes according to the
kind of adopted cosmology.
There are lots of other models that regard the time dependence
of dark energy, reported by different groups [6,50–56]. Among
them, our results, especially for the matter-dominated era charac-
terized by the decrease of dark energy in proportion to 1/t2, are in
agreement to those of Wei and Cai [6], Singh et al. [43], Bertolami
[50], and Berman [51]. Indeed, there seems to be no hope to fix the
notorious discrepancies between the negligibly small value of the
observed vacuum energy density and its theoretical predictions,
within the concept of a constant vacuum energy density, as
pointed out by Fahr and Heyl [56] and others.
Our research in this work is useful in analyzing diverse quan-
tum models of cosmology associated with a time-varying vacuum
energy density. Among many possible alternative models which
are characterized by dissipative vacuum energy density, K(t)CDM
cosmology [57–59] is very popular. Some fraction of the vacuum
energy in this model decays into cold dark matter through the evo-
lution of the universe. Recently, observational viability of a class of
K(t)CDM cosmology has been tested by many researchers via the
latest data of cosmological survey such as the gamma ray bursters
Hubble diagram for type Ia supernovas, the position of the first
peak in the spectrum of CMB, the acoustic oscillations of baryon,
and the distribution of large-scale structures (see, for example,
Refs. [59–61]). From such an observational side, flat models with
K(t)CDM seem to be in good agreement with the most of cosmo-
logical observations, which provide a plausible basis for excellent
descriptions for the evolution of the universe, especially through
the alleviation of the cosmic coincidence problem [59].References
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